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MATHEMATICAL APPROACH TO POLLUTANT TRANSPORT
THROUGH GROUND WATER
G. Jagmohan Das1
Abstract
This article deals with the mathematical approach to the analysis of pollutant
transport through the porous medium. Different processes involved in the
transport phenomena are explained. A partial differential equation
representing all these processes, along with the initial and boundary conditions
for a two-layered aquifer is formulated. A case study is presented to illustrate
the application of Finite Element based algorithm and the computer software
already developed. The results of the numerical experiments conducted to trace
the spreading of pollutant with time, are presented in the form of contour
curves. The investigations are extended to estimate the refreshing time of the
aquifer system.
1.0 INTRODUCTION
Ground water is an important source of water supply throughout the
world. Its use in irrigation, agriculture, industries, municipal supplies and rural
homes, continues to increase with time. Cooling and air-conditioning have also
made heavy demand on ground water because of its characteristic uniformity in
temperature.
There is a tendency to think that ground water is the primary water
source in arid regions only. But a study of ground water use in various parts of
the world has revealed that ground water serves as an important source in all
climatic zones. Reasons for this include its convenient availability near the
point of use, its good quality and its low cost of development. It has been
observed that there is a steady increase in the extraction of ground water in
recent years and the proportion of ground water use to total water use has been
rising continuously. This could be attributed to the reduction in physical and
environmental opportunities to develop additional fresh surface water supplies.
In addition, a growing awareness of the ready availability, the low cost, and the
high quality of ground water has been a contributing factor.
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With the growth of urbanisation and industrialisation, the disposal of
domestic and industrial wastes has posed serious problems in many parts of the
world. These wastes when disposed off on the surface of the land get
infiltrated into the subsoil strata leading to the pollution of ground water body.
In addition to this source of pollution, there are a few other causes and sources
contributing to the contamination of ground water.
In agriculture dominated areas, the use of fertilizers and pesticides for
better yields of crops is the main source of ground water pollution. In
industrial zones, the wastes resulting from the chemical processes contribute to
ground water pollution. The coastal aquifers (ground water bodies) happen to
be the perpetual victims of saline water intrusion into ground water.
Once the ground water gets contaminated due to any source of
pollution at any point, it spreads to other parts of the aquifer through the
transport phenomena. Several mechanisms are involved in the movement of a
contaminant in ground water. In order to make a useful qualitative and
quantitative analysis of the transport phenomena, it becomes necessary to
understand the different mechanisms clearly.
In this article, an attempt is made to explain the different processes
contributing to the transport and spreading of pollutant to various parts of
ground water body. A detailed mathematical analysis using Finite Element
method is also presented. A case study is also taken up to illustrate the
applicability of the algorithm developed to tackle the problem.
2.0 POLLUTANT TRANSPORT PHENOMENA
Ground water pollution due to human activities occurs in several ways.
Polluted water may infiltrate into the aquifer from contaminated surface water bod-
ies like polluted rivers or cess pools, from top soil of agricultural land, from landfills
of waste deposits, from immiscible water such as oil and chlorinated hydrocarbons
etc. All these sources of ground water pollution are illustrated in Figure 1.
Figure 1: Sources of Ground Water Pollution
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Once the pollutant enters the aquifer, it is transported through the
porous matrix of the soil to different parts of the aquifer in the general direction
of ground water flow. This transport of pollutant within the ground water body
is governed by the following phenomena.
2.1 Convection
In this process, the contaminant moves with the ground water, usually
in the form of solution, and it travels in the same direction and at the same
velocity as that of ground water. Thus, the transport of pollutant through con-
vection is caused by the propagation of pollutant with the host fluid as the vehi-
cle in the porous medium.
The convective flux can be mathematically expressed as :
Convective flux = Ux. C ( 1 )
Where Ux = OX- ( 2 )
n
in which Qx = Darcian velocity of ground water
n = Porosity of the soil matrix
C = Concentration of pollutant
Ux = Seepage velocity
The movement of ground water through most aquifers is extremely
slow and the calculation of its velocity requires the knowledge of hydraulic
gradient, permeability and dynamic porosity. All these properties vary greatly
over short distances, making the prediction of the transport of contaminant
through convective process a complex affair.
2.2 Dispersion
This process plays a major part in pollutant movement. If a small
volume of a contaminant (or a chemical tracer representing it ) is released
instantaneously at a point in an aquifer, that tracer will not retain its initial
volume and concentration. As a result of this, it will spread out both along
(longitudinal dispersion) and perpendicular to (transverse dispersion) the flow
direction, getting diluted in the process (Figure 2).
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Figure 2 : Dispersion of Pollutant in an Aquifer
The Darcian average velocity is only valid for macroscopic flow and
hence the microscopic effects of pollutant transport cannot be adequately
described by the convection process. The dispersion process, however, can be
used to explain the microscopic effects of pollutant transport. Dispersion is
mainly a function of pore channel geometry and seepage velocity of ground
water. For a homogeneous and isotropic aquifer,
( 3 )
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Longitudinal dispersion coefficient
Transverse dispersion coefficient
Longitudinal geometrical dispersivity
Transverse geometrical dispersivity
Seepage velocity
2.3 Diffusion
Molecular diffusion occurs because a solute tends to move away from
regions of greater concentration towards regions of lower concentration. Thus,
diffusion is the microscopic transport mechanism that distorts the short interface
separating the two miscible fluids. It is a function of the concentration
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gradient of the pollutant being transported. Hence the diffusion flux is a
product of concentration gradient and diffusion coefficient.
Diffusion flux = 5. ( C/ x) ( 5 )
in which 8 = Diffusion coefficient
( C / x ) = Concentration gradient in X - direction
2.4 Adsorption and Decay
Some substances may be adsorbed on the surfaces of mineral particles.
Many herbicides, for example, are adsorbed on the clay and humus particles of
soil. Adsorption of pollutant species on the surfaces of the porous soil particles
delays the propagation of pollutant. Certain substances may cause some
particles, especially clay, to swell or shrink, altering the permeability or
hydraulic conductivity of the porous formation and so changing the flow speed.
This phenomenon is known as radioactive decay or chemical degradation.
The propagation of pollutant under these different processes is
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Figure 3: Schematic Description of the Effects of Convection, Dispersion,
Adsorption and Chemical Degradation on Pollutant Transport
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3.0 MATHEMATICAL REPRESENTATION OF POLLUTANT
TRANSPORT
The pollutant transport through ground water body can be mathemati-
cally expressed in the form of an equation taking into account the processes of
convection, hydrodynamic dispersion, diffusion, adsorption and radioactive
decay. The basic equation (Kinzelbach, W. 1986) can be written in its most
general form as:
dC ds d dC
n ^ - +( l -n) a~ = a^ (iD« e~ -Ui.Q-
s) + qc* (6)
in which n = Porosity of the soil matrix
C = Concentration of pollutant in liquid phase, i.e.
mass of solute per unit volume of solution
s = Concentration of pollutant in solid phase, i.e. mass
of solute adsorbed per unit volume of porous
medium
Dy = Hydrodynamic dispersion tensor
Uj = Component of Darcian velocity vector, in
i - direction
X - Radioactive decay coefficient
q = Volumetric pollutant fluid injection rate at source
per unit volume of medium
c* = Concentration of source fluid
t = Time lapsed after pollutant left the source
X;, Xj = Space coordinates in i and j directions
The above equation is the most general form of pollutant transport
taking all the processes into consideration. However, in specific cases, only a
few of the processes are predominantly active. While analyzing any specific
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problem of pollutant transport, only the processes which are actively engaged
need to be considered.
In the present work, only hydrodynamic dispersion and convection are
considered as they are the usual dominant parameters in most of the physical
problems. Thus for a two - dimensional transport with a unidirectional flow,
equation ( 6 ) reduces to:
dC #Q etc dC
dt a?
Equation ( 7 ) given above represents pollutant transport taking into
account the hydrodynamic dispersion an x and y directions, convection in the
direction of ground water flow, which is unidirectional. This equation also
assumes the aquifer as non - homogeneous and hence the dispersion
coefficients are varying in x and y directions.
This equation is a non - linear partial differential equation having a
second order differential of concentration with respect to x and y directions,
and first order differential of concentration with respect to time. This equation
is highly complex and closed form solutions are not available for such equa-
tions in the literature of mathematics. Therefore many investigators (Al Niami
and K. R. Rushton, 1979) previously tried analytical solutions by making
several sweeping assumptions to make the problem amenable to solution.
However, with the advent of fast computing systems, attempts have been made
in recent times, to obtain numerical solutions employing Finite Difference and
Finite Element methods (Vasudeva Rao et al, 1986).
4.0 PROBLEM OF A TWO-LAYERED AQUIFER SYSTEM
To demonstrate the applicability of the algorithm to the solution of a
multi-layered aquifer, a two-layered aquifer basin is selected in the present
investigation. The aquifer has the first layer from 0 to 8 depth and the second
layer from 8 to H depth as shown in Figure 4. The velocities of ground water
flow in both the layers can be represented by Uj and u2.
Se cend Loyw
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Figure 4: Definition Sketch-Problem of Two-Layered Aquifer System
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This two-layered aquifer basin problem needs to be solved subject to
the following initial and boundary conditions:
First layer of aquifer 0 < x < L and 0>y<E
Initial conditions Cx ( x, y, t=0 ) = 0 for x > 0, & y > 0
Boundary conditions Cl ( 0, y, t ) = Co pollutant injection at
constant concentration
— ( L, y, t ) = 0 non-conducting boundary
—- (x, 0, t ) = 0 non-conducting boundary
dy
Second layer of aquifer 0 < x < L and 8 < y < H ( 8 )
Initial condition C2 (x, y, t = 0 ) = 0 for x > 0, & y > 0
Boundary conditions C2 ( 0, y, t ) = Co pollutant injection at constant
concentration
-JT ( L, y, t ) = 0 non-conducting boundary
I (x, H, t ) = 0 non-conducting boundary
dx.
C2 (x, e, t ) = Cj (x, e, t )
Equations ( 7 ) and ( 8 ) describe the mathematical representation of a
physical problem of two-dimensional pollutant transport with convection and
hydrodynamic dispersion through a two-layered aquifer of non-homogeneous
medium, along with the boundary and initial conditions prescribed. In the
present work, a Finite Element solution is attempted following the algorithm
developed earlier (Jagmohan Das and Satyanarayana, 1998).
5.0 FINITE ELEMENT METHOD
Finite Element method is basically a method having an integral
approach. In this method, the aquifer basin is discretised into small sub-areas
called finite elements. These elements can be of any geometrical shape. In the
present investigation, triangular elements are chosen. The important step in the
analysis is the selection of an appropriate interpolation function within each
element. In the present work, a bilinear interpolation is adopted to derive the
shape functions. These shape functions are derived in local or area co-ordinate
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system (Sreenivasulu and Jagmohan Das, 1982). Following the algorithm
developed, solution can be found by implementing on the computer software
written in Fortran language (Jagmohan Das and Satyanarayana, 1988).
To illustrate the applicability of the algorithm to the two-layered
aquifer system, a case study is presented.
6.0 CASE STUDY
6.1 Problem Statement
A case study of a two-layered aquifer system as per the dimensions and
data given below is selected (Jagmohan Das, 1997) for implementing on the
computer programme developed.
Total thickness of the aquifer = 500 cm
Total length of the aquifer = 1000 am
First layer of the aquifer :
Thickness = 125 cm
Velocity of ground water flow = 0.0004 cm / s
Dx = 0.1 cm 2 / s
Dy = 0.0001 cm2 / s
Input concentration Cx = Full line source Co
Initial concentration C = 0 throughout the first layer
Second layer of the aquifer :
Thickness = 375 cm
Velocity of ground water flow = 0.0008 cm / s
D x = 0.1 c m 2 / s
D y = 0.0001 cm2 / s
Input concentration C2 = Full line source Co
Initial concentration C = 0 throughout the second layer
It is required to find the propagation of pollutant dispersion with
respect to time and to plot the typical concentration contours over the aquifer
system. Solution is also required to be extended to find the refreshing time of
the aquifer system. It means that after stopping the input of pollutant, it is
required to estimate the probable time to refresh the aquifer taking the tolerable
concentration of pollutant of say 0.25.
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6.2 Numerical Experiments and Solution
The case study described above is taken up for numerical solution of
the Finite Element based algorithm and computer programme written in Fortran
language (Jagmohan Das, 1997).
The two-layered aquifer basin is discretised into 132 triangular ele-
ments with 84 nodal points in a global framework with A x = 90.09 cm, /\ y,
= 62.5 cm and Ay2 = 93.75 cm. All these dimensions are non-dimension-
alised by taking the length in x-direction as (x / L) and length in y-direction as
( y / H ) to make the problem free from dimensional constraints. The discreti-
sation scheme is shown in Figure 5. After testing the different values of A t ,
the numerically stable value of A t = 45000 seconds is chosen to find the
propagation of pollutant at an interval of A t = 45000 seconds.
6.3 Results of Solution
After conducting the numerical experiments, the pollutant concentra-
tions at all nodal points at successive time intervals of A t = 45000 seconds
are obtained. Two typical concentration contours of ( C / Co ) = 0.9 and ( C
/ Co ) = 0.75 are plotted (Figure 6 ) to demonstrate the propagation of pollu-
tant transport after a period of time t = 1.533 x 106 seconds ( 17.743 days).
Thus the pollutant spreads from its line source ( Co /Co ) = 1 at x = 0 to ( C /
Co ) = 0.9 and ( C / Co ) = 0.75 respectively, as per the contours drawn at the
end of 17.743 days (1.533 x 106 seconds).
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Figure 5: Discretization Scheme of Two-Layered Aquifer
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Figure 6: Concentration Contours at the End of Time t = 1.533 x 106 seconds
(17.743 days)
The experiments are further extended to find the time required to
refresh the aquifer after the input of pollutant is stopped. For this purpose, the
input of pollutant is stopped at the end of 1035,000 seconds (about 12 days).
Now it is to be investigated to find the time required for the pollutant concen-
tration to be reduced to a tolerable level ( say C / Co = 0.25 and less ) so that
the ground water is once again fit for use. The computer programme was run
to find this information. The movement of concentration contour of ( C / Co )
= 0.25 is plotted based on the results in order to understand how the pollutant
front of concentration value (C / Co) = 0.25 moves (Fig. 7 ). The two contours
plotted show that the two-layered ground water aquifer has been refreshed to
the tolerable level of pollution [(C / Co ) = 0.25)] at two different time periods,
that is t = 17,10,000 seconds ( about 20 days ) and t = 22,05,000 seconds
( about 25 days). It means that after 8 days nearly 40% to 45% and after about
13 days nearly 75% of the aquifer is getting refreshed (refer to Fig. 7). This
establishes the applicability of the algorithm to the solution of problem of
refreshing time of the aquifer basins. This estimation of refreshing time of an
aquifer is of immense practical importance.
7.0 SUMMARY AND CONCLUSIONS
The mechanisms of pollutant transport through a porous medium can
be expressed mathematically by a non-linear partial differential equation which
has no closed form solution available in the literature of mathematics. For such
12
Jurnal Akademik UiTM Sarawak Vol. 2, No. 1, Disember 2001
a complex problem, a numerical solution adopting either Finite Difference or
Finite Element technique can be obtained with the use of digital computers.
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Figure 7: Refreshing Time
For this, one has to develop an algorithm based computer programme
or a computer software written in an appropriate scientific computer language.
In the present work, a Finite Element algorithm already developed by the author
is used to solve the problem. This algorithm employs triangular elements with
natural or area co-ordinate system (Jagmohan Das, 1999).
In order to illustrate the applicability of the algorithm, a case study of
a two-layered aquifer system has been taken up. The aquifer basin is
discretised into 132 triangular elements having 84 global nodal points.
However, discretisation can be still finer for better accuracy but the
computational effort will increase substantially. It has been established in the
solution to the case study that the present algorithm can also be employed to
predict the duration needed to refresh the aquifer after the pollution is stopped.
This aspect has a lot of practical utility to real field situations.
The Finite Element method with the help of computer software is a
powerful numerical tool that can be usefully employed to solve the field
problems of pollutant transport through the ground water systems.
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